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radar range and position-velocity parameters as

d (#2) r R2 r (r2 - re
2)

dt 2 r 2 + r rar cos/z sin<r (10)

The integrating factor for Eq (10) is exp[— In(r/r0)] =
fro/r)

After multiplying both sides of Eq (10) by the integrating
factor, integrating between initial and final values, and solv-
ing for R2, there results
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(H)
where the subscript zero indicates the initial conditions of the
integration interval Equation (11) is the desired range
equation in its general form based upon a nonrotating earth
in order to maintain the parameter cosju equal to a constant
The form of Eq (11) is applicable to any analytically definable
trajectory that is confined to a prescribed great circle plane
Examples are satellite and ballistic missile trajectories that
are definable by the Keplerian equations during the target's
passage through the radar surveillance volume, constant
flight path aircraft trajectories in which r = const and v =
Vt/r, earth-moon trajectories, and guided missile trajectories
with pitch control only The only requirement for its appli-
cation is that the earth-centered radius r of the trajectory
be known as a function of time or <j

Elevation angle tracking equation

Using the results of the radar range tracking equation, a
simple analysis leads to the elevation angle tracking equation
Referring to Fig 2, let

Xa = radar ground range to the target
Z = radar zenith component of the radar range

Then
Xg = R COB<f)

Z = R sin<£ (12)
Xg

2 + (re + Z)2 = r2

Upon taking the total differential of Eq (12) and dividing
each term by the product (reR)dt, the following first-order
differential equation results:

d(sm<fi (dR/dt)
— ̂ —

r(dr/dt) (dR/dt)
(13)dt ' R ^ reR re

The integrating factor for Eq (13) is expfln(#/#o)]] = R/Ro

Thus, integrating Eq (13) between the initial and final
conditions, a form of the elevation angle updating equation is

RQ r2 — r«2 7?^2 _ P2

2rR 2rR

An equivalent form of Eq (14) can be derived from the
complete h (height) to Z conversion:

Z = h + (h2 - R2)/2r (15)
Multiplying Eq (15) through by 2re and completing the
square results in

sin<£ = (r2 - r 2 - R2)/2reR (16)

Equation (16) is equivalent to Eq (14)

Azimuth tracking equation

Referring to the geometry of Fig 1, let the radar Cartesian
coordinate system be defined by the X, Y, and Z axes in
which

Z = zenith axis
Y = axis that lies in the /3,y plane directed toward the

target plane
X = axis that is parallel to the target plane defined by a

right-handed coordinate system

In addition, let

A = azimuth angle of the radar range vector relative to
the Y axis

Then, from spherical trigonometric relationships, it can be
shown that

sin^L = sine7/sin0 = r sm&/R cos<£

In terms of the direction cosine angle £ relative to the Y axis,
sin£ = r sina/R from the relationship sin£ = sin^L cos<£
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Density Distribution over a Moving
Circular Plate in Free-Molecule

Flow (17)

K J TOURYAN*
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The free-molecule flow field is calculated on the
front side of a moving circular plate including the
effect of finite area distiibution on the density
gradient of the reflected molecules Calculations
are carried out both foi diffuse and specular re-
flections, and the results are compared with those
obtained from differential area consideiations

BIRD1 made a thorough analysis of the free-molecule
flow field around moving bodies of different geometries

with surface elements located at the origin To study the
effect of finite distribution of surface elements on this flow
field on the plate axis as well as on the other arbitrary loca-
tions, we start with Bird's analysis

Fig 2 Earth-centered geometry in the plane of the radar
site and taiget positions
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Fig 1 Geometric relationships for diffuse reflection
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Fig 2 Density gi adients on circular plate of radius r0 at
normal incidence

A Diffuse Reflection (a' = 1)

The expression for the reflected molecules can be written as

dNr = Nx(s) cos!2 (TV
(T)

or

Nr = cosfi ° for

dS

r, dS = (1)

where

N = number of molecules per unit volume
T = temperature
12 = angle between surface normal and molecular ve-

locity vector
x(s) = exp(-s2 sin2(9) + 7T1/2s sin0[l + erf(s sin/9)]
s = speed ratio U/(2RT)l/2

5 = surface
6 = angle of incidence of surface to stream
d = defined in Fig 1
r = reflected molecules (subscript)

From Fig 1, the following geometric relationships hold:

dS = RdRd(j) cos0' (la)

cosfl' = (r cosO)/d (Ib)

d = (m2 + r2 cos2!])1/2 (Ic)

_ 2rR sinO cos0 (Id)

Substitution of these into Eq (1) gives
Nx(s) (T/Tr)112 rdN = ———-——— ——- (2)

In the special case of Q = 0, Eq (2) integrates in the closed
form to give1

A7W<-A / 77 \ i /2 i 11\X{S) [ I \ )1 1 L ,̂

2 \T) (; [(roA)2 + 1]1/2

In general, one has, after integrating over R, 0 < R < TQ,

cos20 X

1
- 2(r0/r) sinQ si

L - sin20 si

(1 - sin2ft cos20) [(r0A)2 ~ 2(r0/r) sinft sin0 + l]1/2j ^
(4)

These integrals are all elliptic in form For example, the
second term under the integral sign can be represented by

K 26 Y/2

0 05 Tr = T a = l 0

Fig 3 Contours of constant number density in the cloud
of diffusely reflected molecules from a circular plate of

radius RQ

Fig 4 Geometric relationships for specular reflection
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Then

a- = 0 SPECULAR REFLECTION
s =4

SOLID LINES Eq 6
DASHED LINES Eq 7
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Fig 5 Contours of constant density in the cloud of
specularly reflected molecules from a chcular plate of

radius TO

SOLID LINE Eq 6 (Ref 1)
DASHED LINE Eq 7

Fig 6 Contours of constant number density in the cloud
of specularly reflected molecules from a circular plate of

radius TO

where a = (r0/r)2 + 1, b = 2(r0/r) sinfi, and K = elliptic
integral of the first kind The results of a numerical integra-
tion of these integrals are plotted in Fig 2 with

1/2
vs -

TO

for different values of fi Figure 3 represents the constant
density contours in the cloud of diffusely reflected molecules
from the plate surface given by both Eqs (1) and (4)

B Speculai Reflection (a' = 0)

The modified expression for dN now becomes1

dN = N exp(
- o:')1/27rr2cos30' (5)

where a1 = accommodation coefficient, and 12' = angle be-
tween number density of reflected molecules and the re-
flected stream direction (Fig 4) Now sin# = 1 for the plate
set normal to the stream Then

dNr =

From Sec A,

dS = RdRd<t>

- a/)1/20rr2) cos3Q' (6)

r cos!2

=
r ~

JVs2exp(-s2tan2fl)
TT(! - a')1/2cos212

[(r0/r)2- 2(r0/r)

- sin20 cos20

d<t> (7)

The results are plotted in Figs 5 and 6 where curves obtained
from Eq (6), dS = 7rr0

2, are compared to the curves obtained
from the more exact equation (7) for s = 4 Note that the
effect of the finite distribution of elements is much less pro-
nounced for the specular case than for the diffuse reflection
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Trajectories with Constant Normal
Force Starting from a Circular Orbit

RICHARD R AUELMANN*
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The totality of motions for a particle initially in
a circular Kepler orbit and acted upon by a con-
stant, in-plane normal force is determined The
orbits lie in a ring bounded by two circles, the first
with radius equal to the radius of the initial Kepler
orbit and the second with radius dependent on
the normal force The second circle lies outside
the first circle when the normal force is outward
and lies inside when the normal force is inward
The radius of the second circle cannot exceed
twice the radius of the first circle and is reached
only when the normal force is 0 230 times the
gravity force at the initial radius The point of
central attraction is reached only when the nor-
mal force is 2 809 times the gravity force at the
initial radius The orbit path oscillates periodically
between the two circles However, the orbits are
not, in general, periodic since they do not close
When the magnitude of the normal force is small,
the orbits are direct, whereas when the force is
large, the orbits are diiect near the first circle and
retrograde near the second circle

Introduction

A PARTICLE is moving in a circular Kepler orbit when
a constant force is applied perpendicular to the in-

stantaneous velocity vector and in the plane of motion
What is the resulting motion of the particle?

This problem with the applied force in the normal direc
tion and three other closely related problems with the applied

2 - 2rR si r2)1/2
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